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Singular perturbation theory is used to derive a near-optimal mid-course guidance law incorporating a linear
combination of flight time and terminal specific energy as the performance index. State variables in the slow
time-scale model consist of down range, cross range, specific energy, and heading angle. A near-optimal
approach using feedback linearization is developed to account for altitude and flight-path-angle dynamics
neglected in the slow time-scale solution. Implementation logic and simulation results for an engagement

scenario are given.

Introduction

HE problem of near-optimal missile gnidance during the

midcourse phase has been of significant interest in recent
literature.!-? This paper outlines an approach to this problem
using a reduced-order model and boundary-layer correction
method different from those considered in Refs. 1 and 2. The
guidance law development has its roots in singular perturba-
tion theory.? Singular perturbation theory aids in splitting the
optimal guidance problem into a series of low-order subprob-
lems that may be sequentially solved and later combined to
obtain an approximate solution to the full-order problem. The
key idea involved here is the separation of dynamics based on
the notion of slow and fast state variables. The slowest time-
scale solution is called the ‘‘outer solution,’” and the correc-
tion terms accounting for higher-order dynamics are called
““boundary-layer corrections.”” This terminology has its roots
in the theory of viscous fluids, where such a structure was first
exploited.?

This approach is attractive for the midcourse guidance
problem primarily because the optimal control formulation
with complete missile point-mass mode! produces a 12th-order
two-point boundary-value problem,* which is impossible to
solve numerically on any present-day onboard computers in
real time. These problems require a considerable amount of
computing resources and are prone to numerical instabilities
of various kinds. For this reason, techniques based on singular
perturbation theory provide a viable real-time approach for
the midcourse guidance problem.

A survey of existing literature reveals that a variety of
guidance laws have been derived using singular perturbation
theory.!-3-5-10 The chief differences between these are in time-
scale separation and the boundary-layer correction method. A
survey of various time-scale separation possibilities have been
examined in Ref. 11. Near-optimality of some of these guid-
ance laws have been previously established.®!'? In the present
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paper, four state variables will be treated in the outer solution,
and the boundary-layer correction will address the altitude
and flight-path-angle dynamics. Even though the time-scale
separation employed in this paper is similar to that in Ref. 8,
the present analysis exploits certain available features of the
slow time-scale problem to reduce onboard storage and execu-
tion time. It is important to also note that, unlike Ref. 8, the
performance index in the present formulation incorporates a
linear combination of flight time and terminal specific energy.
Inclusion of terminal energy is motivated by the fact that a
high terminal energy is essential for minimizing the miss dis-
tance in the end game. A near-optimal boundary-layer correc-
tion approach based on feedback linearization'® will be em-
ployed in the present work. This approach assumes that, in the
boundary layer, the energy-heading dynamics can be approxi-
mated by a quadratic form in altitude, altitude rate, and
vertical acceleration. This approximation appears to be valid
in airframes with a quadratic drag polar. A boundary-layer
correction using the method of individual time scales! for the
present guidance problem has been discussed in Ref. 15.

Additionally, as in Refs. 1 and 2, the missile guidance
problem will be treated here as a one-side optimization prob-
lem, although it should be modeled as a differential game.'6
This treatment necessarily assumes that the target motions can
be predicted in each guidance interval. Thus, a predicted inter- .
cept point is computed in each guidance interval, which is then
used as the terminal conditions for the missile. Consequently,
a new optimization problem is solved from the current condi-
tions to the predicted terminal conditions in every guidance
step. Whenever the missile is within the onboard seeker lock-
on range, a terminal guidance scheme such as proportional
navigation* or a more advanced guidance law!” is used to
accomplish target intercept.

Vehicle Modeling

The point-mass equations of motion for a missile flying
over a flat, nonrotating Earth with a quiescent atmosphere is
given by

E= _‘f_(T_‘ﬂ 6))
mg
ghy @)

- V cosy
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x =V cosy cose 3

y = V cosy sing )

eh = V siny )

ev = £ (n, — cosy) ©)
Vv

where E is the specific energy, v the flight-path angle, ¢ the
heading angle, T the vehicle thrust, D the vehicle drag, g the
acceleration due to gravity, and m the vehicle mass. Position
of the missile in an Earth-fixed, inertial frame is given by the
down range x, cross range y and altitude 4. The control
variables in this mode! are horizontal and vertical components
of the load factor, n, and n,, respectively. Use of this form for
the control variables instead of the more familiar bank angle
and load factor has been shown to reduce algebraic complex-
ity.” Transformation from one form to another is straightfor-
ward. The parameter ¢ appended on the right-hand side of
Eqs. (5) and (6) serves to denote that these variables evolve on
a faster time scale than others. Thus, with e = 0 one obtains
the slow time-scale problem whereas setting this parameter to
unity yields the complete system. '

In Egs. (1-6), the variable V should be interpreted as a
shorthand notation for

V =2g(E —h) M

In the present analysis, the aerodynamic drag is calculated
using the following expressions:

D = Dy + Di(n,? + ny2) ®)
Dy = Cp,Qs ©)
D;=m%*R, R=K/Q, Q=pV¥2 (i0)

where Cp, is the zero-lift drag coefficient and K the induced
drag coefficient, both given as functions of Mach number; p
the atmosphere density; s the reference area; and Q the dy-
namic pressure.

Midcourse Guidance Law

The optimal guidance problem analyzed in this paper may
be defined as

. i
min [ —(E(t)+ (1~ §)S dt] 1
Ry Ry 0

subject to the differential constraints [Eqs. (1-6)] with initial
conditions specified for all the state variables. The final time
tris open. The missile is required to reach the predicted target
intercept point x5y, while minimizing the performance index
[Eq. (11)] and satisfying initial conditions. The weighting fac-
tor { enables the tradeoff between flight time and terminal
energy. This factor is constrained as

O0=<¢=<1 - (12)

The terminal energy maximization term included in the perfor-
mance index explicitly recognizes the fact that a high terminal
energy is essential for minimizing the miss distance in the

" homing guidance phase. Additionally, the guidance solution
should satisfy the following inequality constraints:

Qmin = Q (13)
V2 + 12 = | Bmay 14)
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The minimum dynamic pressure constraint (13) is imposed
here to insure adequate aerodynamic controllability of the
missile. Missile structural integrity requirements dictate the
load factor limit in Eq. (14). It is interesting to note that,
unlike aircraft, the missile stall angle-of-attack limit is seldom
reached during the midcourse guidance phase. Additionally, it
has been observed that the commanded flight altitude seldom
violates the terrain limit.

If the optimal control problem is formulated based on the
foregoing, a 12th-order two-point boundary-value problem
will result. Admittedly, it is possible to generate off-line nu-
merical solutions. The interest in singular perturbations theory
stems from the fact that these calculations can often be very
time-consuming and are prone to various numerical instabili-
ties. Using singular perturbation theory, the guidance problem
may be broken up into subproblems based on the speed of
state variable evolution. The slowest time-scale problem is
solved first, followed by a sequential solution of the faster
subproblems. This process yields a relatively robust, near-op-
timal nonlinear feedback law for the midcourse guidance
problem.

Guidance law derivation using singular perturbation theory
will be discussed in the ensuing. As indicated elsewhere in this
paper, four state variables are treated in the outer solution: x,
y, E, and ¢. Altitude and flight-path-angle dynamics are in-
cluded as boundary-layer corrections.

Two techniques for generating boundary-layer corrections
for the altitude and flight-path-angle dynamics were originally
developed.’® First of these is the treatment of altitude and
flight-path angle in separate time scales as in Ref. 14, whereas
the second approach is based on feedback linearization.!? In
the first case, the guidance problem will have three time scales:
a slow time scale handling down range, cross range, specific
energy, and heading angle dynamics; a fast time scale account-
ing for altitude dynamics; and a very fast time scale providing
for flight-path-angle dynamics.

In boundary-layer correction method using feedback lin-
earization, the time-scale separation employed is of the form
1) slow time scale: x, y, E, and ¢; and 2) fast time scale: 4 and
. This paper will discuss the second boundary-layer correc-
tion approach together with the outer solution.

Outer Solution
The outer problem can be obtained by assuming that the
fast variables are in equilibrium in the slow time scale. This is
equivalent to setting ¢ = 0 in the vehicle model given by Egs.
(1-6). This process yields the differential equations (1-4) along
with the algebraic constraints

n, = 1’ 7120 (15)

where the subscript 1 denotes the values of state and control
variables in a slow time scale.

In the outer solution, the aerodynamic drag is computed
using n,, = 1 as required by expression (15). Control variables
in this time scale are the horizontal component of load factor
ny, and the altitude &, Variational Hamiltonian® in this time
scale can be formulated as

V(T ~-D
hl = )\xl Vl COso; + )\}'1 Vl Sin¢1 + )\El {“‘!(_——12}
mg
R (=) (16)
1

The terminal transversality condition yields the final value
of the specific energy costate as

Ae(t) = ~ ¢ (17)

An appropriate set of boundary conditions will now be de-
fined for cross range and heading angle to permit a direct
reduced-order system solution.
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Following Ref. 7, it will be assumed that the terminal value
of heading angle ¢,(¢/) is free. It will subsequently be seen
that, using this formulation, it is still possible to reach the
desired final heading asymptotically. Next, it is assumed that
the final value of y is free. With this, one has

A, =0, Ay, = const (18)

j\dsl = xl.i) (19)
Equation (19) may be integrated to yield

. Aoy = =My =) 20)

In Eq. (20), yyis the cross range at the final time, and y is the
current value of cross range. The natural boundary condition
Ay, (t7) = 0 has been employed in obtaining Eq. (20). It is clear
that the terminal condition on the heading angle costate will be
met if the missile cross range reaches the target cross range Vs
at the final time. )

Additionally, invoking the transversality condition for the
free final time problem, H;(¢#) =0, it is possible to compute
the down-range costate A, as

\ =[r{T(tf>—Dl(tf)} _(l—o] 1
"1 meg Vilty) | cospi(z)  (2D)

where m; is the missile mass at the final time. The final value
of thrust T() is included in Eq. (21) in order to account for
a final thrust impulse, sometimes used to augment missile
maneuverability in the end game. It is important to note that
although Vi(¢;) can be obtained as the airspeed at the dash
point for aircraft,’ this quantity has to be estimated using
various approximations'? for missiles without air-breathing
propulsion.

Next, the optimal horizontal component of the load factor
may be calculated from the optimality condition

BHl/an,,l =0

This yields

" =M<.mgz>=_xxl ) 6y-) @)
"7 \g \2ViD) T N5 \2vip,) TV

1

whenever n,, is less than the specified load factor limit. Other-
wise, ny, should be chosen to satisfy the inequality constraint

V1 + 2 < e (23)

Expression (22) is a nonlinear feedback law that produces a
horizontal component of load factor in the presence of a
cross-range error. From Eq. (22), since A (57) = 0, it is clear
that ny, = 0 at the final time. This suggests that the final value
of drag D,(#/) required for the calculation of Ay, in Eq. (21)
may be computed as the symmetric flight drag with n, = 1.

At this point, an approximation!> will be introduced for
computing the specific energy costate Ag,. Since the missile
thrust and mass depend explicitly on time, the variational
Hamiltonian (16) is not autonomous. Following Refs. 1 and 2,
the thrust and mass are next replaced by their average values.
This permits one to invoke a constant of motion; i.e.,
H;(t) = 0. This averaging is based on the remaining time of
flight. Previous research!-2 has shown that this is a reasonable
assumption. Thus, one has

H{t)=a+ b)\El + c/)\El =0 24)
where

a= )\xl Vicosd, + (1 —9) (25)
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where m,, and T,, are the average thrust and mass of the

missile, respectively. If Ag, is not zero, Eq. (24) may be multi-

plied by this quantity to obtain a quadratic in )\El. This

quadratic can then be solved for obtaining the specific energy

costate in the slow time scale. The roots of this quadratic are
given by

—a ++<a?*—4bc

T SE— 28

£ 2 (28)

The root that produces the appropriate sign for the optimal

horizontal component of the load factor should be used in

subsequent calculations. Whenever the missile is in symmetric
flight, ¢ = 0 and the roots are given by

o _Davi+d-Dimag
£l Vi(Toy~Dy—Dy) °

0 29)

It is interesting to note here that, if one substitutes for the
costate A,, from Eq. (21) with ¢, = { = 0 and replaces T,, and
m,, by their actual values, expression (29) will reduce to that
obtained for optimal symmetric aircraft trajectories.!®

The final step in the computation of the reduced-order
solution is that of determining the optimal altitude A,, the
second control variable in this time scale. This calculation
employs the condition, dH,/dh, = 0. Differentiating the varia-
tional Hamiltonian with respect to altitude and equating to
zero, one has

T —~ Dy — D; V2 (oD, 4D,
0= — xlgCOSqﬁl—)\El[-——‘—"n—— + m—g 3_h1+a—hl

NeDitty,  Ng,Vi?Mn, 9D;  hoig?
+nh1|: 1 1N 10D A9iE (30)

+
m mg oh, Vi

The preceding expression implicitly determines the value of
optimal altitude. If desired, one may substitute the values of
Asp» Ay and Ag from Egs. (20), (21), and (29) to obtain an
expression that ciepends only on the system states. In the inter-
est of conserving space, this step will not be carried out here.
It may be observed that the optimal altitude calculation consti-
tutes the most difficult part of the present optimal guidance
law calculation. Details of this calculation will be given in a
subsequent discussion on implementation aspects.

As mentioned elsewhere in this paper, the guidance solution
has to satisfy the minimum dynamic pressure constraint. Since
altitude is a control variable in the slow time scale, this con-
straint can be imposed as an altitude limit; i.e.,

Qmin —pg(E ~ hna) =0 €3]

At each energy level, expression (31) may be solved as an
equality to obtain the maximum permissible missile altitude.
Because of the dependence of p on altitude, expression (31)
implicitly determines the constrained altitude. If the optimal
altitude calculated using expression (30) exceeds that given by
expression (31), then the latter value should be used in subse-
quent calculations.

This completes the outer solution calculations. To summar-
ize the foregoing material, the outer solution produces optimal
values of altitude # and horizontal component of the load
factor n, using the current values of y, ¢, E, T, m, Dy, D;;
and the estimated values of ¢(¢y), V(#), yr, and ¢y
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Boundary-Layer Correction

The outer solution obtained in the foregoing handles all but
the altitude and flight-path-angle dynamics. This solution can
be implemented onboard a missile only if these results are
corrected for neglected altitude and flight-path-angle dynam-
ics. In the terminology of singular perturbation theory, these
are referred to as the boundary-layer corrections. Only zeroth-
order boundary-layer corrections!® will be discussed in this
paper. Because of the highly nonlinear nature of the
boundary-layer system arising in atmospheric flight mechanics
problems, various approximations have been suggested in the
literature.5710:13,14.19 Two of these, the method of individual
time scales'* and the method of feedback linearization,'? have
been used to explore missile guidance law development.!s The
second method will be discussed in the present paper.

Boundary-Layer Correction with
Feedback Linearization

This boundary-layer correction technique is based on the
premise that the chief objective of boundary-layer correction
is to generate a stable control law that will permit the missile
to follow the outer solution closely. Thus, the implicit assump-
tion here is that the outer variables have the most significant
impact on the missile performance, whereas the boundary-
layer variables contribute a relatively minor performance im-
provement. Note that this assumption is consistent with the
slow-fast decomposition of the dynamics. If this point of view
is adopted, the feedback linearization approach!? can be used
to generate an elegant boundary-layer correction methodol-
ogy. Effectively, this approach assumes that, in the boundary
layer, right-hand sides of the energy-heading equations can be
approximated by a quadratic form in aititude, altitude rate,
and vertical acceleration. This is a reasonable assumption in
airframes with approximately quadratic drag polar. The re-
sulting boundary-layer correction is in the form of an asymp-
totically stable nonlinear feedback law, useful for generating
near-optimal initial and terminal boundary-layer corrections.

An important advantage of this approach is that the altitude
and flight-path-angle dynamics need not be separated, since
the feedback linearization approach can handle high-order
dynamics without difficulty. Another interesting aspect is that
one may select the speed of evolution and damping for the
boundary-layer variables to ensure adequate time-scale sepa-
ration while satisfying the specified control constraints. Addi-
tionally, this approach can accomodate improved slow time-
scale solutions obtained using alternate slow-fast variables as
in Refs. 20 and 21. In contrast with the linearized approach
for boundary-layer correction®!% for atmospheric flight me-
chanics problems, the feedback linearization approach is valid
even for large deviations between the values of fast variables
in the outer and inner layers. However, note that the present
approach for boundary-layer correction is feasible only if a
feedback linearizing transformation can be found for the
boundary-layer system.

The zeroth-order boundary-layer problem'? is formally ob-
tained by introducing a time-stretching transformation 7 = /e
in system (1-6) and considering the limit as e tends to zero.
Under this condition, the system [Eqs. (1-6)] becomes

E’' =0, ¢’ =0 (32)
h3 =~N2g(E, — hy) siny, (33)

73 = == (n,, — cos7))
V22 (B — hy) 34

where

’

4
dr
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and where the subscript 2 denotes the variables in a fast time
scale. Expression (32) suggests that the specific energy and the
heading angle remain frozen in the boundary layer. The
boundary-layer dynamics are give by expressions (33) and
(34). The integrand of the performance index in the boundary
layer is given by the last three terms in Eq. (16), viz., the slow
time-scale Hamiltonian evaluated in the fast time scale.? Be-
cause of the time-stretching transformation employed in the
boundary layer, integration limits for this performance index
are from zero to infinity. Note that the differential equations
for x and y have been dropped from consideration in the fast
time scale because these are cyclic variables. Next, as in the
singular perturbation theory for feedback systems,?? consider
the difference between the fast time-scale variables in the outer
and inner problems as
Ah=hy—h, Ay=m-v,  An=n,—n, (39)
it is important to note that Ak, Ay, and An, are not restricted
to small quantities in the ensuing analysis. The boundary-layer
equations of motion in these variables can be written as

Ah' =~2g(E; — hy — Ah) sin(Ay + v1) (36)

Ay’ = g [(An,, + n,)) — cos(Ay + yl)] 37

N2g(E, — hy — Ah)

where the subscript 1 denotes the state and control variables
from the outer solution. Note that, if the outer solution dis-
cussed in an earlier section of this paper is used, y; =0 and
ny, = 1. On the other hand, if one employs improved outer
solutions obtained through a better choice of state variables
such as those proposed in Refs. 21 and 22, y; may not be zero.
Thus, in the interests of preserving generality, these substitu-
tions will not be made explicitly in the ensuing development.

The objective of boundary-layer correction is to optimally
drive Ak, Ay to zero. Note that the boundary-layer system is
highly nonlinear. If the performance index in the boundary-
layer problem is approximated by a quadratic form in A#,
Ah’, Ah”, asymptotically stable nonlinear feedback laws can
be synthesized for this system using prelinearizing transforma-
tion theory. 32 Such an approximation appears to be valid for
flight vehicles with a quadratic drag polar.

Differentiating expression (36) with respect to 7 and substi-
tuting for Ak’ and Avy’, one has

AH'’ = Ah" = gAn, cos(Ay + v1) + g[ny, cos(Ay +v1) — |
: (38

Ah’' = AH 39)
In Eqgs. (38) and (39) the variable Ay + v, should be inter-
preted as
' AH
Ay + 7y, =sin"! [ ] 40)
V2g(E, — hy — Ah)

Next the system [Eqs. (38) and (39)] can be put in feedback
linearized form by replacing the right-hand side of expression
(38) by a pseudo-control variable U. This yields

AH' =U an
Ah’ = AH 2

A feedback control law may now be synthesized for the
linear time-invariant system (41) and (42) to minimize the
boundary-layer performance index approximated by a
quadratic form in Ak, AH, and U. This controller can be
obtained using linear quadratic regulator theory,* via the alge-
braic Riccati equation. The state and control weighting ma-
trices in the quadratic criterion can be determined by fitting a
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quadratic in Ah, AH, U to the variational Hamiltonian in the
slow time scale, evaluated using the boundary-layer variables.
Alternately, if the question of optimality with respect to the
original criterion is set aside in the boundary layer, these
matrices can be chosen to maintain adequate time-scale sepa-
ration while restricting the control variable to remain within
the given bounds. In either case, the resulting control law will
be of the form

U = G,AH + G,Ah “43)
Feedback gains G, and G, are computed using the algebraic

Riccati equation. The pseudo-control variable calculated in
Eq. (43) can be transformed to real controls as

A GiAH + GyAh — gln, cos(Ay + ) — 1]
n, = - -
& cos(Ay + 1)

The total value of the vertical component of the load factor in
the boundary layer can then be obtained as

(44)

ny, = An, + n, 45)

This completes the altitude and flight-path-angle boundary-
layer calculations. As indicated in the foregoing, performance
requirements other than the optimality with respect to the
quadratic criterion can be imposed on the boundary-layer
system. This may be in the form of a natural frequency w and
a damping ratio . Equivalently, the rise time and percentage
overshoot may be specified. If this were done, the feedback
gains G; and G, may be expressed in terms of the natural
frequency and damping ratio as ) '

G = — 2w, Gy= —o? (46)

The latter approach has the advantage of being able to control
the speed of boundary-layer evolution, an important consider-
ation in ensuring the validity of applying singular perturbatio
theory to the present guidance problem. i

Animportant consequence of the boundary-layer correction
method described here is that the evolution of the boundary-
layer variables in the stretched time scale can be written down
in closed form. Thus, ' :

AH(7) = e~ [cl Sin(wa7 — %) + ¢ sina_ydr] @7

Ah(r) = e~ [04 sin(wg” — X) + ¢ sinw,,f] (48)

where AH(0)
e A C )
o OO MO,
wg=wV1— £, x=[ 1;22 (51)

These expressions are useful for computing the range covered
during the altitude/flight-path-angle transition from the given
boundary conditions to the outer solution values. An estimate
of these quantities is important to ensure satisfactory guidance
law performance for arbitrary launch ranges. For instance,
before attempting to climb to the optimal altitude calculated
by the outer solution, -the guidance scheme must ensure that
the range to the target is greater than the sum of range to climb
to the optimal altitude and the range required for descent to
the target altitude.?? S

Assuming that the vehicle is in symmetric flight, the down-

_range equation is given by .

x' =~2g(E —h) 1+~ (52)
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where

Ah AH?

S= —- -
E —h 28(E —h)

(53)

Expression (52) has used the fact that V,=vV[2e(E, -k
— Ah)] and that the flight-path-angle v, is calculated using
expression (40). Expanding the right-hand side of Eq. (52) in
a binomial series and retaining the first two terms of the
expression, and integrating, one has

__ \2g 1
x(1) = VIg(E, — )1 =~ x; ~ X
2VE,—h,  2N2g(E —hy)
(54)
where
e~ . .
X = -2—2[(c0c4 COSX + €3¢0 — C4wq SiNX) SinwyT
G+ wg
— [(cq cosx + c3)wg + €4 sinx] coswd'r:| (55)
e — o .
Xy = — [(cl cosy + &) + (¢ smx)2]
4C0
e 207 COSdeT[ 5 .
— —————— 1 ¢o(c1 cosx + €2)* — co(cy sin
407 + dug? o(c1 €osx + €2)° — colcy sinx)
+ (€, cosx + C3)2wq4C sinx]
e ~ 20 sin2w,T
- ————— | ~ (¢, cosx + C2)%w,
200 + doy? [ (c1 cosx + )y
+ (¢ sinx)?wy + (€1 COSX + €2)2¢0Cy sinx] (56)

For calculating range for climb or descent, the time to reach 95
or 99% of the commanded altitude from the starting condi-
tions is first calculated using expressions (47) and (48). Let this
time be 7,. Substituting 7 = 7, in expression (54) will yield the
range covered for climb or descent. In general, there would be
an initial climb segment from the launch altitude to the opti-
mal altitude and a terminal descent to the target altitude. The
range covered in both these maneuvers can be calculated using
Eq. (54).

Once these quantities are available, a logic may be set up for
adjusting the optimal altitude based on estimated range-to-go.
This is essential so that at relatively shorter ranges the missile
does not climb so high that it overshoots the target. Some
additional details on this calculation will be given while the
implementation aspects are discussed.

Guidance Law Evaluation

The guidance law obtained in the foregoing section was
implemented on an existing beyond-visual-range missile simu-
lation.!? This simulation uses a six-degree-of-freedom model
of a tactical air-to-air missile including sensor/actuator dy-
namics and error models. In its present form, the simulation
employs a linear interpolation scheme for aerodynamic and
atmospheric data. The equations of motion are integrated
using a fourth-order Runge-Kutta scheme. This simulation
also includes a target model. The target model is capable of
maneuvering in a pseudointelligent manner,’-? or can maneu-
ver using an evasion logic based on differential game theory.!”

Implementation details of the guidance law will be outlined
in the following. As mentioned elsewhere, the guidance law
uses both on-line and off-line calculations. Each of these will
be separately discussed in the following.
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Off-Line Calculations

The results of off-line calculations are stored i a tabular
form onboard and are used for on- -line guidance law compiita-
tion. The first step here is the selection of the weighting factor
¢, between final energy and time. A specific choice of this
factor may. be based on simulations of various operational
engagement scenarios. Second, the guidance law calculations
require the zero-lift drag and induced drag components at
each energy and altitude levels. Since the aerodynamic coeff-
cients. are known a priori, thése may be precomputed and
stored in the form of two-dimensional tables. Typically the
following quantities are stored:

aD, R _

Dy(E,h), R(Eh), Y (E.h), h (E.h) (57)
R has been defined in Eq. (10). Elsewhere in this paper, it has
been shown that minimum dynamic pressure constraint can be
imposed as a maximum altitude constraint in the outer solu-
tion. Thus, within the range of energies of interest, a one-di-
mensional table of the form A,,(E) can also be constructed
and stored.

On-Line Calculations

In eachi guidance interval, on-line calculations required in
the guidance law consist of the following:

-1) Bstimate the predicted values of time of flight #, the
intercept point Xp Y terminal airspeed V,(tf), and the terminal
value of the heading angle ¢,(f;) using any reasonable
method.!?

2) Compite drag at the final time.

3) Compute the range costate A, using Eq. (21).

4) Caléulate the current value ot1 the heading angle costate
A4, using Eq. (20).

5) Using the estimated time-to-go, calculate the average
thrust and mass.

These computations are followed by an iterative calcula-
tion for optimal altitude. The sequence of computations in-
cludes the following:

1) Guess an initial value of optimal altitude 4;. As in Ref.
23, these calculations may be accelerated by using the optimal
altitude from the previous guidance step as the initial guess.
~ 2) Using the current value of specific energy and h,, calcu-
late the airspeed V). The energy costate )‘51 is then computed
using Eq. (28).

3) Using ¥, Mg Agyps the induced drag term D;, and the
current value of mass, calculate the horizontal component of
load factor nx,. This computation will employ expression (22).

4) Calculate the quantity on the right-hand side of Eq. (30),
the optimality condition for the outer solution altitude.

5) If this quantity is sufficiently close to zero, continue.
Otherwise, change the guessed altitude and go back to step 2.

A one-dimensional minimization scheme can perform this
iterative calculation. Numerical results given in this paper
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were generated using the method of bisections. Three or four
iterations are often adequate to meet the desired accuracy
requirements. This completes the calculation of the outer solu-
tion. In the following, computations involved in boundary-
layer corrections will be sketched.

Though two boundary-layer correction approaches were de-
veloped for the present research,!s only the technique based on
feedback linearization has been implemented. The logic in the
following, however, is equally valid for both approaches. In
the present work, the outer solution requires the missile to
climib to the optimal altitude and fly at the optimal altitude
until it reaches the vicinity of the target. At that point, a
descent to the target altitude is initiated. Since altitude is a
control variable in the slow timescale, the outer solution as-
sumes that the initial climb and terminal descent take place
instantaneously. The climb and descent flight segments re-
quire finite amounts of range, however. Consequently, one
must insure that sufficient range is available for performing
the climb-cruise-descend flight paths. If the intercept range is
not adequate to carry out these maneuvers, the missile has to
essentially use a cruise altitude lower than the optimal altitude.
This computation requires the following iteration:

1) From the current altitude, altitude rate, and the optimal
altitude calculated from the outer solution, determine the
range covered for climb using Eq: (54). Let this be x,. Using
the estimated terminal speed and target altitude, estimate the
terminal optimal altitude. Using the terminal optimal altitude
and the target altitude, compute the range required for descent
once again by using Eq. (54). Let this quantity be x4.

2) If x, + x, is less than the estimated range-to-go, compute
the boundary-layer correction using the procedure discussed.
Otherwise, update the optimal altitude, and go to step 1.

In the present work, the method of bisections is also em-
ployed for these calculations. With this, the guidance law
calculations are complete. Outputs of the guidance algorithm
are the vertical and horizontal components of load factor n,,
ny,, which form the autopilot inputs.

Though several trajectory runs have been made at the time of
this writing, only one of them will bé discussed in this paper.
The engagement scenario chosen to illustrate the guidance law
performance features a nonmaneuvering target in symmetric
flight near the missile outer launch boundary. Subsequent to
launch from an aircraft, the missile flies level for a fixed
amount of time to insure adequate separation from the launch
aircraft. After this time period, it climbs to the optimal alti-
tude computed by the outer solution. The missile continues to
track the commanded altitude until it reaches the target vicin-
ity. At a calculated range-to-go, the descent to target altitude
is initiated. The seeker lock-on occurs subsequently, and from
that point on, the missile employs a homing guidarice scheme.

All of the three phases discussed earlier can be observed in
a plot of normalized altitude vs normalized time given in Fig.
1. From this figure, the continuous decrease in optimal cruise
altitude due to energy depletion can clearly be observed. The
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different climb rates seen in Fig. 1 arise due to the two-pulse
motor-propulsion system employed in the missile. Normalized
airspeed corresponding to this trajectory is given in Fig. 2. A
decreased deceleration during missile cruise at the optimal
altitude may be observed in this figure. Load factor history for
this trajectory is shown in Fig. 3. Negative excursions in the
load factor history are caused by the ignition and burnout
energy transients arising from the second pulse. The load
factor is close to the outer solution value throughout the
optimal altitude cruise region. A corner appearing in the load
factor history at descent initiation arises from the range
matching calculations discussed earlier. The flight-path-angle
history in Fig. 4 shows that it remained close to zero through-
out the cruise region with initial and terminal transients.

Additional simulation runs are being made currently for
comparing the present guidance law with that reported in Ref.
1. Additionally, the effect of the parameter { on the guidance
solution is also being evaluated.

Conclusions

A midcourse guidance law for air-to-air missiles was derived
in this paper using singular perturbation theory. This guidance
law is based on a four-state outer solution featuring down
range, cross range, specific energy, and heading angle as the
slow state variables. This solution yields optimal values of
altitude and the horizontal component of the load factor using
the current values of cross range, heading angle, specific en-
ergy, thrust, drag, mass, and estimated final values of air-
speed, heading angle, cross range, and flight time.

The boundary-layer correction handles the altitude and
flight-path-angle dynamics. A near-optimal feedback lin-
earization approach was proposed for altitude/flight-path-an-
gle boundary layer. This approach was shown to yield addi-
tional quantities useful for guidance law implementation.
Details on guidance law implementation and simulation re-
sults were given.
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